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We characterize the energetic footprint of a two-qubit quantum gate from the perspective of non-
equilibrium quantum thermodynamics. We experimentally reconstruct the statistics of energy and
entropy fluctuations following the implementation of a controlled-unitary gate, linking them to the
performance of the gate itself and the phenomenology of Landauer principle at the single-quantum
level. Our work thus addresses the energetic cost of operating quantum circuits, a problem that is
crucial for the grounding of the upcoming quantum technologies.
Thermodynamics was developed in the 19th Century to
improve the efficiency of steam engines. Its impact fos-
tered the Industrial Revolution and affected fundamen-
tal science, technology and everyday life alike. In the
3rd Millennium, we are facing a potentially equally rev-
olutionary process, whereby standard information tech-
nology – usually CMOS-based – is complemented and
enhanced by quantum technologies for communication,
computation and sensing [1, 2].
Despite the significant progress made towards the im-
plementation of prototype quantum devices able to pro-
cess an increasing amount of information in a reliable and
reproducible manner [1, 3], little work has been devoted
to the characterization of the energetic footprint of such
potentially disruptive quantum technologies [6]. Yet, this
is a crucial point to address: only by ensuring that the
energy consumption associated with the performance of
quantum information processing [5, 7] scales favourably
with the size of a quantum processor, would the craved
quantum technologies embody a credible alternative to
CMOS-based devices.
Remarkably, the fast-paced miniaturization process
enabled by research in quantum information process-
ing opens realistic possibilities to engineer and imple-
ment miniature-scale quantum machines akin to stan-
dard (macroscopic) engines that process and transform
energy [8, 9]. The challenge in this respect is to make use
of the emerging field of quantum thermodynamics to de-
sign energy-efficient quantum machines [10–13] possibly
able to outperform their classical counterparts [3].
In this article we perform a step towards the charac-
terization of the energetics of quantum computation by
studying the energy and entropy distributions [14–21] of
two-qubit quantum systems realizing quantum gates. We
consider the so-called two-point measurement (TPM) ap-
proach [22] to the reconstruction of the heat and entropy
generated during and as a result of the performance of a
two-qubit gate. We present the experimental inference of
such quantities by means of a linear-optics setting where
qubits are embodied by the polarization of two photons.
We then use the information gathered through the re-
constructed statistics of energy and entropy distributions
to assess Landauer principle at the individual-quantum
level, and thus explore the relation between information
processing realized through prototype two-qubit gates
and the thermodynamics of such transformations.
Our work embodies one of the first attempts at sys-
tematically linking the energetics of quantum informa-
tion carriers to the logic functionality of a quantum
gate. When developed to address multipartite settings
and high-dimensional quantum systems [4], our approach
will be pivotal to the enhancement of the performance of
quantum information processes.
RESULTS
The implemented process and its non-equilibrium
thermodynamic analysis
We consider the simple quantum circuit in Fig. 1: our
two-qubit gate performs a controlled-unitary U, based
on its decomposition into local unitary gates uθ and a
control-σz gate, that applies a Pauli σz gate to the state
of qubit B, conditioned on the state of the qubit A. This
is the simplest instance of a programmable quantum cir-
cuit with a two-qubit interaction, an essential feature to
our purposes.
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2Figure 1. Details of the quantum circuit. a. The element
we inspect is a two-qubit controlled operation. b. This can
be decomposed as a series of three operations: a single-qubit
gate uθ, a two-qubit control-σ
z gate, and a second gate uθ.
This relies on the fact that uθuθ = 1 , i.e. the identity, while
uθσzuθ = u2θ. c. The circuit is implemented in a pho-
tonic platform with polarisation encoding. The two qubits
are represented by the polarisation of photons from a stan-
dard down conversion source (not shown). The basic element
of the gate is a Partially Polarising Beam Splitter (PPBS)
with expected transmittivities TH = 1, TV = 1/3 for the
two polarisations. This is embedded in a polarisation Mach-
Zehnder to mitigate the effects of the deviation of TH from
1 (we have TH ' 0.985 in our experiment) - for the sake of
phase stability this was implemented as a Sagnac loop. Fur-
ther PPBSs are needed in order to equalise losses on the two
polarisations. Half-wave plates (HWP) set at an angle θ/2
are used to implement uθ. Polarisation measurements in the
logic basis are implemented using polarising beam splitters
(PBSs) and single-photon counting modules (SPCMs).
Our physical implementation, depicted in Fig. 1c,
adopts the two-photon control-σz gate based on the use of
polarisation-selective non-classical interference and post-
selection [31–33]. The polarisation encoding represents
the logical states |0〉k and |1〉k with the horizontal |H〉k
and vertical |V 〉k polarisations, respectively, for both
qubits k = A and k = B.
In order to investigate the thermodynamics associ-
ated with the performance of our gate, we need to as-
sociate an Hamiltonian to the interacting system of the
two qubits able to account for the action of the de-
vice. To this purpose, we introduce the total Hamiltonian
Htot = HL+Hint, which consists of the local Hamiltonian
HL and the interaction term Hint, which read
HL = 1
2
~ωL (σzA ⊗ 1B + 1A ⊗ σzB) ,
Hint = 1
2
~ωint|1〉〈1|A ⊗ σBx .
(1)
In Eq. (1), 1 is the identity matrix and σkj is the j =
x, y, z Pauli matrix of the qubit k. The interaction Hamil-
tonian Hint generates a rotation of the state of qubit B
that is conditioned on the state of qubit A. In partic-
ular, the total Hamiltonian Htot generates the following
trajectories for the two-qubit logical states
|0〉A|0〉B → e−iωLt|0〉A|0〉B ,
|0〉A|1〉B → |0〉A|1〉B ,
|1〉A|0〉B → eiωLt/2 (h1(t)|1〉A|0〉B + h2(t)|1〉A|1〉B) ,
|1〉A|1〉B → eiωLt/2 (h2(t)|1〉A|0〉B + h∗1(t)|1〉A|1〉B) ,
(2)
with
h1(t) = cos (∆t)−i ωL
2∆
sin (∆t) , h2(t) = −iωint
2∆
sin (∆t)
(3)
and ∆ =
√
ω2L + ω
2
int/2. The unitary operation UAB(t)
accounting for the trajectories in Eq. (2) can be cast in
the following form
UAB(t) = e−iωLt|0〉〈0|A⊗PB(t) + eiωLt/2|1〉〈1|A⊗RB(t)
(4)
with PB(t) ≡ diag[1, eiωLt] a phase gate on qubit B and
RB(t) a single-qubit rotation of a time-dependent an-
gle ϕ = ∆t around an axis identified by the vector n =
(sinφ, 0, cosφ), where φ = cos−1(ωL/2∆). The trans-
formations Eq. (2) thus correspond to those imparted by
our gate, up to phases cos θ = |h1(t)|, sin θ = |h2(t)|
that, as we will see, do not influence the energetics of the
process. We can then rely on our model to analyse the
computation processes from an out-of-equilibrium ther-
modynamic perspective.
Energy and entropy distributions
The framework for the inference of the statistics of
energetics arising from Eq. (4) relies on two crucial points
1. We adopt the tool provided by the TPM scheme to
characterize heat and entropy distributions. This
implies the application of two projective measure-
ments onto the energy eigenstates of the two-qubit
system at the initial and final instants of time of
the evolution of the system.
2. We assume to apply only local energy measure-
ments. We will thus be unable to access quantum
correlations between A and B.
Point 2 has a deep implication: One has access only to
the energy values pertaining to the local Hamiltonian of
the two qubits. This means that, at the end of the proto-
col, the energy of A and B will be one of the eigenvalues
of the Hamiltonian terms HLA ≡ ~ωL(σAz ⊗ I)/2 and
HLB ≡ ~ωL(I⊗ σBz )/2, i.e., Ejk (j = 0, 1 and k = A,B).
3In order to realise this, we introduce the local measure-
ment operators
ΠψAφB ≡ |ψ〉〈ψ|A ⊗ |φ〉〈φ|B (5)
with ψ, φ = 0, 1. Each of the four projectors ΠψAφB is
associated with the corresponding energy value EψAφB =
EψA + EφB . Those values correspond to stochastic real-
izations of the composite system at a given time-instant
t. We should stress how these stochastic realizations
EψAφB do not contain any correlation originated by the
interaction Hamiltonian Hint. In what follows we will
express the values of EψAφB in units of ~ωL, so that
EψAφB ∈ {−2, 0, 2}.
The energy variations are then observed under the lens
of the probability distributions associated to the stochas-
tic energy changes [cf. Appendices A and B for the formal
definition of heat and entropy production]. In the chosen
computational basis and by encoding the binary value of
ψAφB in the integer m so that EψAφB ≡ Em, the sys-
tem energy variation reads ∆Em,n ≡ Efinm − Einn [16, 22].
Thus, Einn (E
fin
m ) is the measured energy of the quantum
system at the initial (final) time t0 (tfin).
The probability distribution of the energy variations
∆E can be then formally written as
Prob(∆E) =
∑
m,n
δ(∆E −∆Em,n)p(Einn , Efinm ) , (6)
where δ(x) is the Kronecker delta with argument x, and
p(Einn ) = p(E
in
ψAφB
) ≡ Tr[ρ0 ΠinψAφB ] is the probability
that the initial value of energy is Einn . Moreover,
p(Einn , E
fin
m ) = Tr
[
ΠfinψAφBUtfinΠ
in
ψAφBU
†
tfin
]
p(Einn ) (7)
denotes the joint probability to measure Einn at t0 and
Efinm at tfin by performing local measurements at time t,
whereby ΠtψAφB ≡ ΠtψA⊗ΠtφB . More details can be found
in Appendix A. Notice that we have denoted as ρ0 the
initial state of the system before the first measurement of
the TPM scheme is performed. The initial state ρ0 can be
an arbitrary density operator, including the case of initial
states with quantum coherence in the energy (Hamilto-
nian) basis of the system. This means that, by applying
a TPM scheme, all the information about ρ0 is contained
in the probability p(Eink ) [23]. Finally, it is worth observ-
ing that experimentally (as it will shown below) the con-
ditional probabilities p(Einn , E
fin
m )/p(E
in
n ) ≡ p(Einn |Efinm )
can be obtained by initializing the system in the prod-
uct states ΠinψAφB , letting it evolve according to Htot and
then measuring its energy at final time tfin.
Experimental characterisation
In the previous section we have established a connec-
tion between the action of our gate in Fig. 1 and the
dynamics encompassed in Eq. (2); we can thus proceed
to its characterization.
We first address the energy fluctuations observed in
the local energy basis. The specific structure of Eq. (2)
imposes stringent constraints to the values assumed by
the conditional probabilities p(Einn |Efinm ). In particular,
one finds that the only conditional probabilities different
from zero are p(Ein0A0B |Efin0A0B ) = p(Ein0A1B |Efin0A1B ) = 1
and
p(Ein1A0B |Efin1A0B ), p(Ein1A1B |Efin1A0B ),
p(Ein1A0B |Efin1A1B ), p(Ein1A1B |Efin1A1B ) ,
(8)
which are all functions of h1(t) and h2(t). Notice that
the trajectories associated with the conditional proba-
bilities in Eq. (8) leave qubit A in the logical state |1〉A
and modify the state of qubit B. As first step, we have
thus experimentally reconstructed the conditional prob-
abilities using the experimental apparatus in Fig. 1. In
this regard, in Fig. 2 we plot the comparison between the
joint probabilities p(Ein1AφB , E
fin
1AφB
) as obtained by nu-
merical simulations and the analysis of the experimental
data. As p(Eink ) depends on the specific choice of the
initial state ρ0 of the two-qubit system, also the joint
probabilities in Fig. 2 would bear a dependence on the
value taken for ρ0. Although, in principle, any choice of
ρ0 would be equally valid, the test of Landauer principle
reported later requires a thermal initial density operator.
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Figure 2. Comparison between theoretical (lines) and experi-
mental (dots) joint probabilities p(Ein1AφB , E
fin
1AφB
) as a func-
tion of time t, with ωint/ωL = 5 in natural units (we use units
such that ~ = 1 throughout the manuscript) and ρ0 as in
Eq. (9). We show p(Ein1A0B , E
fin
1A0B ) (blue dots and solid line),
p(Efin1A0B , E
fin
1A1B ) (red dots and dotted line), p(E
fin
1A1B , E
fin
1A0B )
(black dots and dashed line), and p(Efin1A1B , E
fin
1A1B ) (green
dots and dot-dashed line).
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Figure 3. Statistical moments of the energy probability dis-
tribution as a function of time. We compare the experimental
values and the corresponding theoretical predictions. The ini-
tial state of the two-qubit system is the density matrix ρ0 in
Eq. (9). We show the experimental (theoretical) values of the
moments from 1st to 5th as black, red, green, blue, magenta
dots (lines) for the same parameters as in Fig. 2.
We have thus considered
ρ0 =
⊗
k=A,B
e−βkωLσ
k
z
Tr[e−βkωLσkz ]
(9)
with βB = 1/(2ωL), βA =
1
2ωL
ln α1−α and α ∈ [0, 1].
In our case, we have chosen α = 0.2, so as to ensure a
prominent asymmetry among the populations of qubit A.
In Fig. 3 we plot the first 5 statistical moments 〈∆Eh〉,
h = 1, .., 5, of the probability distribution pertaining to
the energy variation during the implemented process, i.e.,
〈∆Eh〉 ≡
∑
n,m
p(Einn , E
fin
m )∆E
h
m,n , (10)
depending on the evolution time t. From Fig. 3, one can
observe that all the energy statistical moments have a
periodic time-behaviour with maximum values in corre-
spondence of ωLt = kpi/
√
26 ≈ 0.62, with k integer num-
ber. Moreover, being the error in the experimental data
larger at ωLt = kpi/
√
26, it is worth also noting that the
curves of 〈∆Eh〉 obtained by the experiment with h ≥ 4
lose in accuracy in such points. This generally holds also
for the other figures. Deviations of the experiment from
the ideal case are mostly due to two factors. The first is
the non-ideal visibility of quantum interference; the sec-
ond is the presence of random accidental counts, which
decrease this visibility even further. In terms of energet-
ics, these imperfections are reflected as an evident de-
crease of high-order energy moments. The energy lost to
the environment limits the extent of the fluctuations.
Any non-equilibrium process results in the production
of irreversible entropy ∆σ [21], which embodies a ther-
modynamic quantifier of the break-down of time-reversal
symmetry [18] and a non-equilibrium restatement of the
second law of thermodynamics. At the quantum level, its
values are determined by the competition of two sources
of randomness: a classical one associated with the choice
of initial state [cf. Eq. (9)] and a quantum mechanical one
induced by the stochastic nature of quantum trajectories,
which renders entropy production an inherently aleatory
quantity.
One can thus introduce the associated probability dis-
tribution for the quantum entropy production [18, 21]
to study the statistics of such quantity. As illustrated
in Appendix B, for any unitary dynamical evolution,
∆σm,n ≡ ∆σ(Efinm , Einn ) obeys the quantum fluctuation
theorem [19–21] so that
∆σm,n = ln[p(E
in
n )/p(E
fin
m )] , (11)
where p(Einn ) and p(E
fin
m ) denote the probabilities to mea-
sure the nth and mth energy outcome at t0 and tfin, re-
spectively. In particular, p(Efinm ) is given by the following
relation:
p(Efinm ) ≡ Tr[ρfin ΠfinψAφB ]
= Tr[UAB(tfin) ρin U†AB(tfin)ΠfinψAφB ] , (12)
where ρfin is the density operator of the bipartite quan-
tum system at the end of its dynamical evolution. ρfin
can be experimentally obtained by preparing the quan-
tum system in the ensemble average
ρin =
∑
ψAφB
p(EinψAφB )Π
in
ψAφB (13)
after the 1st energy measurement of the TPM scheme and
then letting it evolve. Since the unitary operator UAB(t)
acts separately on qubits A and B by means of prod-
uct state operations, also the final probability p(Efinm )
as well as the 16 realizations of the stochastic quantum
entropy production have been obtained by experimental
data. Further details are in Appendix B.
The statistics of ∆σ is determined by evaluating the
corresponding probability distribution Prob(∆σ). As
shown in Appendix B, this is given by
Prob(∆σ) =
∑
n,m
δ
(
∆σ −∆σ(Einn , Efinm )
)
p(Einn , E
fin
m ) ,
(14)
where the joint probabilities p(Einn , E
fin
m ) are the same
of those used to derive the energy probability distribu-
tion. Thus, having experimentally measured the joint
probabilities p(Einn , E
fin
m ) [cf. Fig. 2] and then obtained the
stochastic realizations of ∆σ, we can directly derive the
statistical moments of the entropy distribution. In Fig. 4
5we plot the comparison between the experimental and
theoretical statistical moments
〈∆σh〉 ≡
∑
n,m
p(Einn , E
fin
m )∆σ
h
m,n . (15)
The experimental evidence shows a good agreement with
the theoretical predictions. Moreover, an important
physical point can be drawn: the black line and dots in
Fig. 4, which show the behavior of the average stochastic
entropy production, closely resembles the trend followed
by the l1-norm of quantum coherence [24]
Cl1(ρ) =
∑
i6=j
|ρij | (16)
with ρij denoting the (i, j) entry of the density matrix ρ.
When evaluated for the last two trajectories in Eq. (2),
Cl1 follows the same trend as shown in Fig. 5. The sta-
tionary points of Cl1 achieved at ωLt = kpi/
√
26 (k =
1, 2, 3) correspond to analogous extremal points for 〈∆σ〉,
thus corroborating the expectation that dynamically cre-
ated quantum coherence play a crucial role in the deter-
mination of the amount of irreversible entropy generated
across a non-equilibrium process [25, 26]. As a matter of
fact, quantum coherence embodies an additional source
of entropy production that adds to the (classical) contri-
bution provided by the populations of the density matrix
under analysis. The experimental simulation of a non-
equilibrium process discussed in this paper provides a
striking instance of such interplay between classical and
genuinely quantum contributions to entropy production
and strikingly connects them to the functionality of the
gate encompassing the dynamics that we have addressed.
Such connections are reinforced by the assessment of
a Landauer-like relation connecting stochastic energet-
ics between qubit A and B and the associated entropy
production, which can be cast as [27–29]
β〈∆E〉 ≥ 〈∆σ〉 , (17)
where β is the inverse temperature of the initial reduced
state of qubit B. Fig. 6 compares the ratio 〈∆E〉/〈∆σ〉
with 1/β, showing full agreement with the predictions
of Landaur’s principle and demonstrating an enhanced
energy-to-entropy trade-off at the time minimizing the
entropy production. This result is remarkable also in
light of the independence of our methodology for the in-
ference of 〈∆E〉 and 〈∆σ〉 from the thermal nature of the
initial density operator ρ0. Thus, it could be also used
to measure Clausius-like relations for an arbitrary quan-
tum system, without initializing the system in a thermal
state.
DISCUSSIONS
We have taken a different approach in describing quan-
tum computing than what can be found in the litera-
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Figure 4. Statistical moments of the entropy probability dis-
tribution as a function of time: Comparison between exper-
iment (dots) and theory (lines). As in the other figures,
ωint/ωL = 5 with ρ0 given by Eq. (9). We show the experi-
mental (theoretical) values of the moments from 1st to 5th as
black, red, green, blue, and cyan dots (lines).
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Figure 5. Plot of the l1-norm of quantum coherence against
the dimensionless evolution time ωLt for the same parameter
as in the other figures and assuming the initial state |0〉A|1〉B
or |1〉A|0〉B .
ture. Our investigation continues along the lines of previ-
ous investigation linking quantum information treatment
to fundamental thermodynamic limits of the underlying
process. We are convinced that these efforts could lead
to a deeper understanding of the origin of quantum ad-
vantage, based on non-equilibrium thermodynamics.
Concerning perspectives in the applications, our ex-
ample was purposely chosen as the simplest instance for
the sake of clarity. Nothing prevents, however, to apply
our methods to larger circuits. In this respect, it will
be interesting to understand whether the full detail of
the circuital topology needs being taken into account for
efficient bounds, or these can be obtained from general
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Figure 6. Ratio between 〈∆E〉 and 〈∆σ〉: Comparison be-
tween experiment (dotted blue line) and theory (solid blue
line), with ωL = 1 and ωint = 5 (in natural units) and ρ0
thermal state (with β = 1/2) of Eq. (9). The Landauer prin-
ciple β〈∆E〉 ≥ 〈∆σ〉 (1/β, red dashed line) is respected both
theoretically and experimentally, with a pretty good agree-
ment between theoretical predictions and experimental data.
considerations and partial information.
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APPENDIX A: ENERGY CHANGE
DISTRIBUTION
At the nanoscale, non-equilibrium fluctuations play a
crucial role and we expect that they are responsible for
the irreversible exchange of energy between the system
and the external environment. In this regard, the en-
ergy change ∆Em,k ≡ Efinm −Eink during the evolution of
the system is defined as the difference between the mea-
sured energy of the quantum system, respectively before
(1st energy measurement at t0) and after (2
nd energy
measurement at tfin) its dynamics. The Hamiltonian of
the system is assumed time-independent, such that the
energy values that the system can assume remain the
same during all its dynamics: no coherent modulation
of the Hamiltonian is indeed considered. Also for this
reason, no “mechanical” work is produced by the sys-
tem, with the result that all the energy variations have
to be ascribed to loss into the environment in the form
of heat. In case the Hamiltonian of the system is time-
independent and energy changes are induced by measure-
ment processes, one is allowed to use the term quantum-
heat [16, 30].
As usual, the probability distribution of ∆E is given
by the combinatorial combination of the Kronecker
delta δ(∆E −∆Em,k) weighted by the joint probability
p(Eink , E
fin
m ) to measure E
in
k at t0 and E
fin
m at tfin. For-
mally, one has
Prob(∆E) =
∑
k,m
δ(∆E −∆Em,k)p(Eink , Efinm ) . (S1)
The expression of the joint probabilities p(Eink , E
fin
m ),
as well as the specific values of Eink and E
fin
m , changes
whether we apply global or local energy measurements
on the bipartite quantum system. Here, we will analyze
only the case of applying local energy measurements, for
which we just take into account the local Hamiltonian
HLA and HLB of A and B. They can be generally de-
composed as
HLA =
∑
ψA∈{H,V }
EψAΠψA ; HLB =
∑
φB∈{H,V }
EφBΠφB
(S2)
with {|H〉, |V 〉} computational basis of the single parti-
tion (qubit). As a remark, observe that the complete (or
maximally informative) characterization of heat and en-
tropy production of a multi-partite quantum system is
achieved by performing global measurements, since also
the effects of (quantum) correlations between each par-
tition are properly taken into account. However, local
measurements are simpler to be performed and some-
times they constitute the only experimentally possible
solution.
Hence, if only local energy measurements are per-
formed, the joint probabilities of the distribution
Prob(∆E) are generally provided by the following rela-
tion:
p(Eink , E
fin
m ) ≡
Tr
[
(ΠfinψA ⊗ΠfinφB )Λtfin [ΠinψA ⊗ΠinφB ]
]
p(Eink ) , (S3)
where Λt is a complete positive trace preserving (CPTP)
map modeling the evolution of the system, while
p(Eink ) ≡ Tr[(ΠinψA ⊗ΠinφB )ρ0(ΠinψA ⊗ΠinφB )] , (S4)
with ρ0 denoting the initial density operator.
7APPENDIX B: QUANTUM ENTROPY
DISTRIBUTION
The fluctuations of the stochastic entropy production
of a quantum system obey quantum fluctuation theo-
rems [15, 19–21]. They are determined by evaluating
the forward and backward processes associated to the
dynamical evolution of the system. In particular, one
can find that the stochastic quantum entropy production
∆σm,n equals to
∆σ(afinm , a
in
k ) ≡ ln
pF(a
fin
m , a
in
k )
pB(aink , a
ref
m )
, (S5)
where pF(a
fin
m , a
in
k ) and pB(a
in
k , a
ref
m ) are the joint proba-
bilities to simultaneously measure the outcomes {a} in
a single realization of the forward (F) and backward (B)
process, respectively. Instead, {a} denotes the set of mea-
surement outcomes from a generic TPM scheme in which
the measurement observables O are not necessarily the
system Hamiltonian at t0 and tfin. However, in our case
the measurement outcomes {a} are chosen equal to the
energies {E} of the system. Then, as proved in Ref. [19],
the outcome arefm refers to the state after the 1
st measure-
ment of the backward process, which is called reference
state. If the evolution of the system is unital (in our
case, the dynamics is simply unitary), then the stochas-
tic quantum entropy production ∆σm,n becomes
∆σ(Efinm , E
in
k ) = ln
p(Eink )
p(Erefm )
, (S6)
with p(Erefm ) denoting the probability to get the measure-
ment outcome Erefm . Although the quantum fluctuation
theorem can be derived without imposing a specific op-
erator for the reference state [15], it is worth choosing
the latter equal to the final density operator after the
2nd measurement of the forward process. This choice ap-
pears to be the most natural among the possible ones to
design a suitable measuring scheme of general thermody-
namical quantities, consistently with the quantum fluc-
tuation theorem and the asymmetry of the second law of
thermodynamics. This means that for our purposes the
stochastic quantum entropy production is
∆σ(Efinm , E
in
k ) = ln p(E
in
k )− ln p(Efinm ) , (S7)
where p(Efinm ) denotes the probability to measure the m
th
energy outcome at the final time instant tfin.
Experimentally, it is not possible in general to derive
the stochastic realizations of the quantum entropy pro-
duction of a multipartite quantum system by just per-
forming local measurements. Specifically, it becomes fea-
sible if the dynamical map of the composite system acts
separately on each partition of the system and ρ0 is a
product state. In such a case, indeed, one can write
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Figure S1. Realizations of ∆σ as a function of time. As in the
other figures, ωL = 1 and ωint = 5 in natural units and ρ0 as
provided by Eq. (9). In each inset the values assigned to the el-
ements of the set (ψinA , φ
in
B , ψ
fin
A , φ
fin
B ) are respectively (a) Blue
solid line: (0A, 0A, 0B , 0B), blue dotted line: (0A, 1B , 0B , 0B),
blue dashed line: (1A, 0B , 0B , 0B), blue dash-dotted line:
(1A, 1B , 0B , 0B); (b) Red solid line: (0A, 0A, 0B , 1B), red dot-
ted line: (0A, 1B , 0B , 1B), red dashed line: (1A, 0B , 0B , 1B),
red dash-dotted line: (1A, 1B , 0B , 1B); (c) Black solid
line: (0A, 0A, 1B , 0B), black dotted line: (0A, 1B , 1B , 0B),
black dashed line: (1A, 0B , 1B , 0B), black dash-dotted line:
(1A, 1B , 1B , 0B); (d) Green solid line: (0A, 0A, 1B , 1B),
green dotted line: (0A, 1B , 1B , 1B), green dashed line:
(1A, 0B , 1B , 1B), green dash-dotted line: (1A, 1B , 1B , 1B).
ρin =
∑
n
p(Einn )Π
in
n (S8)
and
p(Efinm ) =
∑
n
p(Einn )Tr
[
Λtfin [Π
in
n ]Π
fin
m
]
=
∑
n
p(Efinm |Einn )p(Einn ) , (S9)
where Πinn ≡ ΠinA ⊗ ΠinB ⊗ ΠinN . Thus, by experimentally
measuring the conditional probabilities p(Efinm |Einn ) and
the set {p(Einn )}, one can also determine the set {p(Efinm )}
of final probabilities, as well as the 16 realizations of the
stochastic quantum entropy production – see Fig. S1. In
Fig. S1, one can observe that only the black and green
lines are not constant in time: they all correspond to the
situation of finding qubit A at tfin in the eigenstate |1〉A
of the local Hamiltonian HLA .
Now, let us introduce the probability distribution
Prob(∆σ). Depending on the values assumed by the mea-
surement outcomes {Ein} and {Efin}, ∆σ is a fluctuating
variable. Thus, each time we repeat the TPM scheme, we
have a different realization for ∆σ within a set of discrete
values. The probability distribution Prob(∆σ) is fully de-
termined by the knowledge of the measurement outcomes
8and the respective probabilities. As proved in [19, 20], it
is equal to
Prob(∆σ) =
∑
k,m
δ
(
∆σ −∆σ(Eink , Efinm )
)
p(Eink , E
fin
m ).
Once again, it is worth noting that the specific values
of Eink and E
fin
m change whether we apply global or local
energy measurements on the bipartite quantum system.
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